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Abstract

The purpose of the present work is to define a class of g-starlike functions in the domain of exponential

zDqf (2)

2 .
I < eZ. for this

function related to g-derivative operator, which is subordinate to exponential function

function class S,;” associated with exponential function. We will determine the possible upper bound of

determinant H;(1).

Keywords: Analytic Functio' , Hankel Determinant 2, q-derivative’, Symmetric Point*

1. Introduction

An analytical function, also called a holomorphic function, is a function that is defined on an open subset of
the complex plane and is complex differentiable at all points within that subset in complex analysis and geometry.
The class of all analytic function f with the normalized condition in the open unit disc E = {z:|z| < 1}isa
symbol by A and has the Taylor series we have

f@) =7+ a7 +d; 22 +a, 7%+ - 6))

The class of univalent & analytic functions unit disk E is prove by S. Carathéodory function are a category of
complex valued function defined on the unit disk of the complex plane in geometric function theory. The theory
of conformal mappings is strongly related to these functions. After the Greek mathematician Constantin
Carathéodory, who made substantial contributions to geometric function theory, the idea of Carathéodory
functions was named.

p(2) = 1+ pZ+p,2% + p323 + pu2* + . 2)

The Schwarz function, named after the German mathematician Hermann Schwarz, is a complex valued function
that maps the unit disk £ in the complex planes to itself. It is known by f(z) = i

— where z is a complex number.
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Specifically, if fand g are analytic function defined on some domain D, then f* < g if there lie other analytic
function h defined on D such that, f (Z) = g(h(i))v zin D. see ([2],[3]). Mendiratta et al [4] introduced the
exponential function's associated S; subclass of analytical functions. Pommerenke [1], Noonan & Thomas [5].
Hankel determinant Hy, (c) is defined, for any positive integer k and corresponding coefficients c, for functions belonging to
the class S.

a a a

n n+1 n+g-1
a a a
n+l n+2 cee n+q
Hk(C) = . (3)
an+q—1 an+q—2 an+2q—2

For fixed positive integers k and c, the growth behavior of the Hankel determinant H, (¢) as n—oo was studied
by Noor [6] in 1983, who established results concerning its boundedness. Later, Ehrenborg [7] examined the
Hankel determinant associated with exponential polynomials. The determinant corresponding to different orders
of differentiability depends on the variation of k and c. In particular, for the case k=2 and c=1, it is defined as

follows:

a a
Hy(1) ="

9

2
a,a,—a, ‘alzl . “)

a, 4

The Fekete-Szego inequality, which is well-known, is a result of complex analysis and potential theory and
offers an estimate for the expansion of the analytical unit disk E Taylor coefficients. More precisely, let f'(z) be
functions that are analytical in the open unit disc |Z| < 1, and let its Taylor series expansions be given by (1).In

1933, [8] For the coefficient of a univalent analytical function on the unit disk, Fekete-Szego defined an inequality.

. . 2 _277 .
Let / be a univalent function then‘a3 -na, ‘ <1+ 2exp(1—),0 <n<1. The Fekete-Szego coefficient
-n

functional is a natural outgrowth of the study of the univalency of analytical functionsMany authors have
investigated the Fekete-Szego role in various univalent subclasses, see [9]. other researcher like Alietal [10],[11],
Owa and Cho [12],[13], Merkes and koegh [14]. In 2007, Murugusundaramoorthy et al. [15] investigated the
Fekete-Szego inequality, recognized in the open unit disc, for a number of normalized analytical functions f (Z).

Now for k = 2, ¢ = 2 it can be obtained that

|4 4
H,(2)=
a, 4, 5)
= ‘a2a4 —af‘.

In 1968, Hayman [16] introduced the concept of the second Hankel determinant in the study of univalent
functions. Subsequently, several researchers have contributed to this area, including Janteng et al. [17, 18], Bansal
[19], Lee et al. [20], Lei et al. [21], Rain et al. [22], Rajya et al. [23], Zaprawa [24], Shi et al. [25], Ullah et al.
[26], and Obradovi¢ et al. [27]. Zaprawa [24] further investigated the upper bound of the Hankel determinant for
the coefficients of functions f belonging to the class S of univalent functions or its subclasses. In particular, for

k = 2 and c = 3, the Hankel determinant H,(3) is defined as follows:
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a,

H,(33)= = ‘a3a5 —af‘ . (6)

a, as

For k = 3, ¢ = I the Hankel Determinant, H;(1) is know as 3rd Hankel Deter-minant we have

a, 4, a4
2 2
HM)=l\a, a, a,|,=a,(a,a,—a;,")—a,(aa,—a,a,)+a,(a;—a,”), a =1 . 7
a, a, as

The methodology known as g-calculus is analogous to classical calculus; however, it deals with the derivation
of g-analogous results without the direct use of limits. The systematic development of q-calculus is attributed to
Jackson [37], who also introduced and defined the concept of the g-derivative [38]. The g-derivative of a function
f, where f is a normalized analytic function, is defined as follows:

f@)-1@ g
(g=Dz

and D, f(0) = f'(0), where q € (0,1). As q — 17, the g-derivative D, f approaches the classical derivative

D, f(z)=

f'. In 2007, Babalola [24] was the first to analyze the upper bound of the third Hankel determinant for certain
subclasses of the class S of univalent functions. In 2016, Vamshee Krishna et al [29] introduced toeplitz
determinant to give the tops upper bounds of a H3(1) Hankel determinants for starlike function with regard to the
symmetrical point. In 2017 Prajapat et al [30] investigated the Taylor coefficients of functions f(z) belongings to
a definite class of an analytical function in the open unit disc E are explored to determine the 3rd Hankel
determinant. Other researchers like Yalcin and Altinkaya [31], Cho et al. [32], Mohd Narzan et al. [35], Lecko et
al. [33], and Kowalczyk et al [39]. Breaz et al [40], Singh [41], Gurusang et al [42].

Definition 1. A functions f € S and f is know to be in the class S;;(e?) as

zD, f (2)]
/(2

It is worth noting that, by taking g — 17 in the above definition, we obtain the well-known class S;" [36]. The

<e',zeD . )]

following lemmas are presented to establish the desired results.
Lemma 2 [43] If p(z) € P, then exists some x, z with |x| < 1, |z| < 1' we have
2c,=c?+x(4—c?). )
4= 4204 —cADx—c;(4—cDx?2+2(4—-cHA - x>z . (10)
Lemma 3 [44] Ifp € P, then |c,| < 2,Vn € N.

Lemma 4 [4] If the function f(z) € S; and of the equation (1) we have
17
lazl =1,1as| = 7. las| = 57, las| = 1.
2. Main Results
For the following results we suppose @ = [2], — [1]4, 8 = [3]; — [1]4,6 = [4]4 — [1]4,9 € (O,1..

Theorem SIf f € S, then |a,| < %.
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Proof: As f € 5;,(e?) as

zD,f(z) _ o)

/(@)
(11
Using (1), we consider
zD, f(z) 3 N 3y,,3
W = [l]q +2(a)a,z+((B)a, +([1]q —[2](1)612 )z”+(0)a, +([2]q —[S]q)a3a2 +[2]q —[l]qa2 )z” +...
(12)
_1+w (@)
p(Z) T 1—w(@
Equivalent,
_ p@-1
w(z) = oL (13)
Consider
2 3 4
eV = 1w () + W@ WO w@) (15)
2! 3! 4!
We get
w@) =1 4 61% o (2 _ 1),z (3 _c1ca 1) 3 .
V@ =142 (224 (222 ) g3y (16)
From (12) and (16) we compare the coefficient, we get
2 3 3
< b <2 _ | ([tg=[2lg)et _ 6 _ac  (Bg-Rlgac ¢ _ ci(slg-[2]q)
©2w B T T e M T e T e e em@e
Cf([5]q‘[2]q)2([1]q‘[2]q) + Cf([l]q‘[z]sq)_ (17)
B (2@) (62 (®(2()
As
as — a%l L i ([1]q—[2]q)cf _ & . |

28 8B @) (@)
Using Lemma 2 we have

x(a-c}) ¢ | (lg-l2lg)ef 2

2| —
| 4B 8B 2@)E (2@)

las — a3l =

As |x| =t €[0,1],C; = c € [0, 2] and apply the triangle inequality we have,

2| t(4 - 612) C12 _ ([1]q - [Z]q)clz C12

GGG BT c@ye) @)
Suppose that
t—cf) o ([t —[2]g)cf ot
F(c,t) = ) 55 (2(04))2([3’) + (2(0())2.
We have
OF _(4=cD)
at 4(B)

The functions F(c', t) can get max value at t = 1, we get
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(4-c) o ([g—[2g)ef o
4B) 8B ) W)

maxF(c,t) = F(c,1) =

Let

(4-c?) c? ([11g—[2]q)ct f
G = - . 18
©="% T @) '® (@) "

Max value at c=0 we have

la — a3| < G(0) = . (19)
This is required result.
Theorem 6 If f € S;; then |a,a; — a,| < 0.5351g.

Proof: From (17) in Theorem 5 we have simplifying, we get

4(B) (@) ~ 4(5) 4(B)(@)(8)

20) " 22@)’ @ 16A@  4806) | 16@@)B)

( C1C2 C1C2 ([S]q_[Z]Q)CICZ) c3 ([1]q_[2]q)5% Cf C% ([S]q_[Z]q)C% _

lazas —ay| =

(1q-[21g)(q—[21g)cf _ ([1lq—2q)ci
2(2)(2(a))* (B)(6) ® (@)’

. 20)

By using Lemma 2, we get

(4—c2)cyx? n (4-c?)cqx N (4—c2)cqx n (4-cf)erx((5lg=[2lq)  (4-cf)erx  (4—c})(1-1xI?)z
8(8) 8(B)(a) 8(8) 8(8)(@)(8) 4(8) 4(8)

a 21 B)ei g c3 ([1]q=[2lq)ci < 51 (Islqg=l2lg)ei _ ([1lq=[21q)([1lg=[2lg)cf _

8(A)(a)  8(8) 8@ 8(8) 2(8) z(a)(z(a))z(ﬁ) 16(B)(a) 48(8) = 16(a)(8)(B) 2(a)(2(a))2(ﬁ)(5)

lazas; — a,| =

([1]q—2q)cf
& (@)’

. 2n

Assume that |x| =t € [0,1],¢; = ¢ € [0, 2]. using the triangle inequality we have

(4=c*)ct? | (4=c)et | (4=c*)ect | (4—c?)ct([5lg=[2]q)  (4—c?)ct n (4-c?) c3 n 3
8(8) 8(B)(a) 8(5) 8(B)(a)(8) 4(8) 4(9) 8(B)(a) ~ 8(8)

(B)c? c3 c3 ([1lg=[2lq)e® &3 c3 (Islg=[2lg)c®  ([1lg-[2lg)c®  ([1lg—2q)c?

B@(RG)  86) 206)  2w)2@) @ 16B@ 4806) | 16@@®PB)  20)2@) @6 O)(@)

la,az—a,l <

This gives us

(4=c?)ct? | (4-c?)ct N (a-c?*)ct | (4=c*)ct([Slg=[2lg)  (4=c®)et | (4=c?) i c3 s
8(8) 8(B) (@) 8(8) 8(B)(a)(8) 4(8) 4(8) 8()(a)  8(8)
(B)c3 c3 c3 ([11q = [2]q)c® c3 c3 (Islg = [2lq)c®  ([lg-[2lq)e®  ([1lg—2q)c?

8@ 86 200)  2(2@)’ @ 16B@ 4806)  16@BPB)  2w)@) @6  ®)@)
OF (4—c®)ct (4—c*)c (4—c®)c (4-c? )e([5], —[21,) (4—c?)c

—= + + +
at 4(9) 8(6)(a) 8(5) 8(8)(@)(6) 4(%)
This implies that the max value of F(c,t) ast = 1, we get
_ _(a=c?)c | (4=c?)c | (a=c*)c | (4=c?)c([5lg=[2]q) (4=c?)c | (4-=c?) 3 K
maxf(e,) =Fe.D) =55~ @ T o) 8(8)(@)(8) @ T am@ e

(1Blg-[1]q)c? c3 c3 ([1lq - [2]q) * 3 c3 (Is1q = [2]q)c® ([11g-[2]q)c? ([11g=24)c?

F(c,t) =

B@P)G) 86 20 ' 2@)2@)@ 16M@  4806)  16@@®B)  2@(2@) @) @)
_(a-c?)c (a-c?)c (4-c?)c (4-c*)c(5lg=[2q) (4=c®)c | (4=c?) c3 3
As Gl = @ T sm@ T s® T 8(B)(a)(5) @ T Tam@ Ts®

(3)53 c3 C3 ([1]q_[2]q)c3 c3 c3 ([S]q_[z]q)C3 _ (6{)6‘3 ([1]q—2q)C3

B@(BB)  86) 26) ' 2w)2@) B 16M@ 1806)  16@@EB)  20)(2@) B @) (@)
2(-2+4/-q%+3q

! —_— j— j—
LetG'(c) =0aswegetc=r= —q?+5q+3
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We get G(c) put the values of ¢ as
la,a; — a,| < 0.5351q. (22)

Which are the required results.

4 1

* A2 < T -
Theorem 7.1f f € Sy, then |a,a, — a3| < % + o

Proof: From (17) of theorem 5, we have

laza, — aj|
_ |( cics  cGep , (Blg=[2lg)cfez | 2cpcf  2cpcf [1]q | 2c2¢f [2]g ot ci(lslg=[2]q) +
4@ 8@ 8@ 2088 (20)°(B)  (2E) ) %6@® (@ 328 (@)3(5)
Cf([s]q_[z]q)([l]q_[z]q) Cf([l]q_[z]q) ) <_ C% _ Cil' 2’5% [1]q _ 251} [2]q _ ch [1]2q
B)(2(0)) (6)4(a)? 2(a)(®)(2(a))’ @)’ ()’ sBMBEREN*  sBMBEB)N?  B*EB)*

2cf [1lg2]q _ 2¢1 [21% ) |
B2e@EN*  B*eEB)*
We use the Lemma 2 we have

_ ct c2x(4-c?)  c2x?(a—c?) | c1(a—c?)(1-x|?2) ct cix(a-c? | ([51g—[2]g)ct

T @@ | s®@ 16 @ 8(8)(a) ) - 16(8)(@)  16(8) @) = 16(B)(@)2(8)
([s1g—[2]q)cZx(4—cF) n ct n c?x(a-c?) _ [1]qct cf [1]gx(4—c? ct c? [Z]qx(él-—cf) ct _

16(8)(@)2(8) 28 208 2B ®)’® @) E) @)’ 96 (@
ct([51q-121q) ct((s]q-121g)((1lg-12]g) , ci((1lq-[2]q) _ gx(a—cf) * (z;—cf)z o
32(8)(@)2() B)(2(a))* (8)4(a)? 2@@®2@)°  42®)° 20®)° @) (6®)°

2¢f [1lq 2¢f 214 2ci (1%, 2ctilglzlg 261 [21%

8(B(BBN?  8BBREBNE  (BZ2E@BN*  B2eBN* B2 |
Denotes |x| =t € [0,1],¢; = ¢ € [0, 2] then using triangle inequality we have

c?t(a—c?) | c?t(4—c?) | ([5lqg—[2]g)c?t(4—c?) | c?t(a—c?) | c? [1]qt(4—c?) | c?[1lqt(4—c?)

laza,—af| <

8(8)(a) 16(8)(a) 16(8)(@)2(8) 2(8)8(B) 2E)’®) @E)’®)
2 Rlgt(a=c?) | Pt(a=c?) | Pt(a=c?) | 2(a=?) | (4=c®)  * | (Slg-[2lg)et | ¢t
@)’ ®) 22() | 16 @) | a2p)’ | 4®)@ 16 @ | 16(B @A) | 16(8)(@) | 2(8)8(B)
[1]qc* c* + ct  c*([5]q-[2]q) c*(5lg-[21g)([1)q—[2]q) |, c*([tlg-[2lg)  c* —  ¢* +
CE)’®  EE)Y’®  9%6®)N(@)  32(8(@?3E) B)(2@)% (&) 4()? 2@ W) 42p)  (8()°
2¢* [1]q 2¢* [2]q 2c* 112, | 2c*[1lgl2lg  2¢* 217,
8(BBBN?  sBBEENE  (B2EE)* T B2ZEE)*  (B2e@E)*

(23)

Which implies that
Fe, 1) = Stlet) | dtla=c)) | (Sla-l2lg)e’e(s=c?) | cPela=c?) | o lgtla=c?) | < Mlgt(a—c?)

’ 8(8)(@ | 16(8)(a) 16(B)(@)2(8) 2(B)8(B) @)’ ® @)’ ®
cz[z]qt(4—c2) c2t(a—c?) | c2t?(4—c?) t2(4—c2)2 (4—c2)_ c4 ([S]q—[Z]q)C4 c4 + ct _
@)’ ® 22)°  16)@  a2p)’  4O@  16(8)(@  16(A@A8)  16(8)(@)  16(B)?
[1]ge* c* + ct  c*((5]q-[2]q) c*([s]q - [21g)([1lg = [2]q) | c*([1lg-[2]q)  c*
CB)’® @) @ 9%B)N@)  328)(@?(O) B)(2@)%(8)4(aw)? 2@ 2Ww)°  42p)
c* 2¢* [1]4 2c* [2]q 2c* 117, | 2c*[1lgl2lg  2¢* 213,

(8(!3'))2 8(BABIMBNZ  8BBBNZ  (B2BN*  B2@EBN*  BZeBHt
(24)
We have
E _ c2(4 — ¢? +c2(4 - c?) N ([S]q - [Z]q)cz(él-—cz) N c?(4 - c2)+ c?[1],(4 — ¢?)
ot 8(6)(a) 16(6)(a) 16(B)(@)?(9) 16(6)? (2(3))3([,’)
c?1],(4=c*) c*[2];(4=c*) c*(4—-c*) c*t(d—c?) t@—cH)?
3 3 7 T + = 0.
ey’ e 20eE)  8O@  2epm)

It demonstrates that F(c, t) has a maximum value at # = / and that it is rising for every ¢ in [0, 1].
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B C2(a-c?) | 2(a-c?) | (Slg-[2lg) 2(4-c?) | 2(a—c?) | c?[1]4(4—c?)
MaxF(e,t) =F(c.) =250+ T T 16m@2e) 1662 | @) 6
2 [11g(4=c?) | c?[2lg(4-c?) | c2(a-c?) | c?(4—c?) | (4-c?)? (4=c?) ¢t ([S]q—[z]q)c4+ c* " -
@)’ ® CEY’®  20e@)F  16@@  a2@) 4@  16)(@  16B@H8)  16(8) (@)  16(B)?
[1]gc* ct ¢t c*([slg-[2]q) c*(slq—[2]g)([1)q—[2]q) , c*(tlg-[2lg)  c* — ¢* +
@B)E(B) | @B1REB | 96(6)@)  32(B)(@2(8) B)(2(@)*(6)4(a)? 2@ 2@)’  42E)°  (8)°
2¢* [1]4 2¢* [2]q 2c* 1% | 2c*[1lgl2l,  2¢*[20%
8(R22(BY?  8(RZ2BNE (BB T B2EB)*  (B1REE)NF
(25)

M'(e) vanishe e = 0, a straightforward computation yields M''(e) < 0, which implies that the function M (e)
attains its maximum value at e=0. Hence, we obtain

— a2l < ZL 1
laya, — a%| < M(0) (2(ﬁ))2+(5)(a)' (26)

Thus, the desired results are obtained.

1 3 3
* < — .
Theorem 8.1f € S;; then |H;(1) < 5 (0 2526861111((23)2 + T @-Te@)

)q -

Proof:
a; a; ags
A, Q3 Qg4
as a, as
H3(1) = ajz(aza,—ai) —as(ay — ay a3) + as(@az—aj3)a =1. (27)
By applying triangle inequality we have

Hy(1) = |as |l(azay — a )| + |as| (as = azas)l + las||(az — ad)l.
Now, substituting the equation (19), (22), (26), and lemma 4 in (27) we get

1 3 3
|Hs (DI = 5 (0.2526861111 (55 + 1)

Hs(l) =

Discussion

These constitute the required results. Researchers in the field of Geometric Function Theory have long been
interested in studying the coefficients of univalent functions. In recent years, concepts from quantum theory and
g-calculus have been incorporated into Geometric Function Theory to extend existing function classes and refine
analytical results. Within this framework, the Fekete—Szego problem has emerged as a classical and significant
coefficient problem, with numerous applications in various branches of mathematical analysis. The Hankel
determinant represents an important application of the Fekete—Szeg6 functional. While earlier studies primarily
focused on the Hankel determinant of order two, more recent investigations have examined the third-order Hankel
determinant for starlike functions with respect to symmetric points.

In this study, we investigate the third-order Hankel determinant for a newly introduced class of starlike
functions defined with respect to the g-exponential function subordination involving symmetric points. The
analysis utilizes the g-derivative operator and fundamental concepts from quantum calculus. Furthermore, it is
noted that, by taking — 17 , the results obtained in this work reduce to those previously established in [36].

Conclusion:

In this article, we have introduced and analyzed a new class S, of starlike functions with respect to symmetric
points, associated with g-exponential functions through the subordination technique. Several significant results
have been obtained, including coefficient inequalities, the Fekete—Szego problem, and the third-order Hankel
determinant. The findings demonstrate that the proposed class, along with the corresponding main theorems,
extends and advances the results and function classes previously investigated by researchers in the field of
Geometric Function Theory.

References

[1] Ch. Pommerenke, “On the Hankel determinants of univalent functions,” Mathematika, vol.
14, pp. 108-112, 1967.



NUML-International Journal of Engineering and Computing (NIJEC) Vol 4,No 1

[2] H. M. Srivastava and S. Owa (Eds.), Current Topics in Analytic Function Theory. London,
UK: World Scientific Publishing Company, 1992.

[3]S.S. Miller and P. T. Mocanu, Differential Subordinations: Theory and Applications, Series
on Monographs and Textbooks in Pure and Applied Mathematics. New York, NY, USA:
Marcel Dekker Inc., 2000, p. 225.

[4] R. Mendiratta, S. Nagpal, and V. Ravichandran, “On a subclass of strongly starlike
functions associated with exponential function,” Bull. Malays. Math. Sci. Soc., vol. 38, pp.
365-386, 2015.

[5] J. W. Noonan and D. K. Thomas, “On the second Hankel determinant of areally mean p-
valent functions,” Trans. Amer. Math. Soc., vol. 223, pp. 337-346, 1976.

[6] K. I. Noor, “Hankel determinant problem for the class of functions with bounded boundary
rotation,” Rev. Roum. Math. Pures Appl., vol. 28, pp. 731-739, 1983.

[7] R. Ehrenborg, “The Hankel determinant of exponential polynomials,” Amer. Math.
Monthly, vol. 107, no. 6, pp. 557-560, 2000.

[8] M. Fekete and G. Szegd, “Eine Bemerkung iiber ungerade schlichte Funktionen,” J. London
Math. Soc., vol. 8, no. 2, pp. 85-89, 1933.

[9]J. H. Choi, Y. C. Kim, and T. Sugawa, “A general approach to the Fekete—Szegd problem,”
J. Math. Soc. Japan, vol. 59, no. 3, pp. 707-727, 2007.

[10] R. M. Ali, V. Ravichandran, and N. Seenivasagan, “The Fekete—Szegd coefficient
functional for transforms of analytic functions,” Bull. Iranian Math. Soc., vol. 35, no. 2, pp.
119-142, 2009.

[11] R. M. Ali, V. Ravichandran, and N. Seenivasagan, “Coefficient bounds for p-valent
functions,” Appl. Math. Comput., vol. 187, no. 1, pp. 3546, 2007.

[12] N. E. Cho and S. Owa, “On the Fekete—Szegd problem for strongly a-quasiconvex
functions,” Tamkang J. Math., vol. 34, no. 1, pp. 21-28, 2003.

[13] N. E. Cho and S. Owa, “On the Fekete—Szegd problem for strongly o-logarithmic
quasiconvex functions,” Southeast Asian Bull. Math., vol. 28, no. 3, 2004.

[14] F. R. Keogh and E. P. Merkes, “A coefficient inequality for certain classes of analytic
functions,” Proc. Amer. Math. Soc., vol. 20, no. 1, pp. 8—12, 1969.

[15] G. Murugusundaramoorthy, S. Kavitha, and T. Rosy, “On the Fekete—Szegd problem for
some subclasses of analytic functions defined by convolution,” Proc. Pakistan Acad. Sci., vol.
44, no. 4, pp. 249-254, 2007.

[16] W. K. Hayman, “On the second Hankel determinant of mean univalent functions,” Proc.
London Math. Soc., ser. 3, vol. 1, pp. 77-94, 1968.



NUML-International Journal of Engineering and Computing (NIJEC) Vol 4,No 1

[17] A. Janteng, S. A. Halim, and M. Darus, “Coefficient inequality for a function whose
derivative has a positive real part,” J. Inequal. Pure Appl. Math., vol. 7, no. 2, pp. 1-5, 2006.

[18] A. Janteng, S. A. Halim, and M. Darus, “Hankel determinant for starlike and convex
functions,” Int. J. Math. Anal., vol. 1, no. 13, pp. 619-625, 2007.

[19] D. Bansal, “Upper bound of second Hankel determinant for a new class of analytic
functions,” Appl. Math. Lett., vol. 26, no. 1, pp. 103—-107, 2013.

[20] S. K. Lee, V. Ravichandran, and S. Supramaniam, “Bounds for the second Hankel
determinant of certain univalent functions,” J. Inequal. Appl., vol. 2013, p. 281, 2013.

[21] M. S. Liu, J. F. Xu, and M. Yang, “Upper bound of second Hankel determinant for certain
subclasses of analytic functions,” Abstr. Appl. Anal., vol. 2014, p. 603180, 2014.

[22] R. K. Raina and J. Sokol, “On coefficient estimates for a certain class of starlike
functions,” Hacet. J. Math. Stat., vol. 44, no. 6, pp. 14271433, 2015.

[23] K. R. Laxmi and R. B. Sharma, “Second Hankel determinants for some subclasses of
biunivalent functions associated with pseudostarlike functions,” J. Complex Anal., pp. 1-9,
2017.

[24] P. Zaprawa, “On Hankel determinant H2(3)H_2(3)H2(3) for univalent functions,” Results
Math., vol. 73, pp. 1-12, 2018.

[25] L. Shi, H. M. Srivastava, A. Rafiq, M. Arif, and M. Thsan, “Results on Hankel determinants
for the inverse of certain analytic functions subordinated to the exponential function,”
Mathematics, vol. 10, no. 19, p. 3429, 2022.

[26] K. Ullah, I. Al-Shbeil, M. 1. Faisal, M. Arif, and H. Alsaud, “Results on second-order
Hankel determinants for convex functions with symmetric points,” Symmetry, vol. 15, no. 4, p.
939, 2023.

[27] M. Obradovi¢ and N. Tuneski, “Two types of the second Hankel determinant for the class
U and the general class S,” Acta et Comment. Univ. Tartu. de Math., vol. 27, no. 1, pp. 59-67,
2023.

[28] K. O. Babalola, “On H3(1)H_3(1)H3(1) Hankel determinant for some classes of univalent
functions,” arXiv preprint arXiv:0910.3779, 2009.

[29] D. V. Krishna and T. Ramreddy, “Third Hankel determinant for starlike and convex
functions concerning symmetric points,” Ann. Univ. Mariae Curie-Sktodowska Sect. A, vol.
70, no. 1, pp. 3745, 2016.

[30] J. K. Prajapat, D. Bansal, and S. Maharana, “Bounds on third Hankel determinant for
certain classes of analytic functions,” Stud. Univ. Babes-Bolyai Math., vol. 62, no. 2, pp. 183—
195,2017.



NUML-International Journal of Engineering and Computing (NIJEC) Vol 4,No 1

[31] S. Altinkaya and S. Yalcin, “Third Hankel determinant for Bazilevic functions,” Adv.
Math., vol. 5, pp. 91-96, 2016.

[32] N. E. Cho, B. Kowalczyk, O. S. Kwon, A. Lecko, and Y. J. Sim, “Some coefficient
inequalities related to the Hankel determinant for strongly starlike functions of order a,” J.
Math. Inequal., vol. 11, no. 2, pp. 429-439, 2017.

[33] A. Lecko, Y. J. Sim, and B. Smiarowska, “The sharp bound of the Hankel determinant of
the third kind for starlike functions of order 1/2,” Complex Anal. Oper. Theory, vol. 13, pp.
2231-2238,2019.

[34] B. Kowalczyk, A. Lecko, and Y. J. Sim, “The sharp bound for the Hankel determinant of
the third kind for convex functions,” Bull. Austral. Math. Soc., vol. 97, no. 3, pp. 435-445,
2018.

[35] M. N. M. Pauzi, M. Darus, and S. Siregar, “Second and third Hankel determinant for a
class defined by generalized polylogarithm functions,” Turk. J. Math. Math. Educ., vol. 10, no.
1, pp. 3141, 2018.

[36] H. Y. Zhang, H. Tang, and X. M. Niu, “Third-order Hankel determinant for a certain class
of analytic functions related with exponential function,” Symmetry, vol. 10, no. 10, p. 501,
2018.

[37] F. H. Jackson, “On g-functions and certain difference operator,” Trans. R. Soc. Edinb.,
vol. 46, pp. 253-281, 1908.

[38] F. H. Jackson, “On g-definite integrals,” Quart. J. Pure Appl. Math., vol. 41, pp. 193-203,
1910.

[39] L. Shi, M. Shutaywi, N. Alreshidi, M. Arif, and S. M. Ghufran, “The sharp bounds of the
third-order Hankel determinant for certain analytic functions associated with an eight-shaped
domain,” Fractal Fract., vol. 6, no. 4, p. 223, 2022.

[40] D. Breaz, A. Catas, and L. I. Cotirla, “On the upper bound of the third Hankel determinant
for certain class of analytic functions related with exponential function,” An. Stiint. Univ.
“Ovidius” Constanta Ser. Mat., vol. 30, no. 1, pp. 75-89, 2022.

[41] G. Singh and G. Singh, “Estimate of third-order Hankel determinant for a certain subclass
of analytic functions associated with cardioid domain,” J. Pure Appl. Math., vol. 29, no. 4, pp.
307-319, 2022.

[42] P. Gurusamy, R. Jayasankar, and S. Sivasubramanian, “The second- and third-order
Hermitian Toeplitz determinants for some subclasses of analytic functions associated with
exponential function,” in Synergies in Analysis, Discrete Mathematics, Soft Computing and
Modelling, Singapore: Springer Nature Singapore, 2023, pp. 1-16.

[43] R. J. Libera and E. J. Zlotkiewicz, “Coefficient bounds for the inverse of a function with
derivative in P,” Proc. Amer. Math. Soc., vol. 87, pp. 251-257, 1983.

10



NUML-International Journal of Engineering and Computing (NIJEC) Vol 4,No 1

[44] C. Pommerenke, “Univalent functions,” J. Math. Soc. Japan, vol. 49, pp. 759-780, 1975.

11



